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Abstract 



A new approach to the analytic theory of difference equations with rational and 
elliptic coefficients is proposed. It is based on the construction of canonical meromor- 
phic solutions which are analytical along "thick paths". The concept of such solutions 
leads to the notion of local monodromies of difference equations. It is shown that in 
the continuous limit they converge to the monodromy matrices of differential equa- 
tions. New type of isomonodromic deformations of difference equations with elliptic 
coefficients changing the periods of elliptic curves is constructed. 

1 Introduction 

It is well-known that correlation functions of diverse statistical models, gap probabilities 
in the Random Matrix Theory can be expressed in terms of solutions of the Painleve type 
differential equations (see [H 12 El HI E] and references therein). In the recent years discrete 
analogs of the Painleve equations [HI U\ have attracted considerable interest due to their 
connections to discrete probabilistic models |H1 EI- In [IH] it was found that the general 
setup for these equations is provided by the theory of isomonodromy transformations of 
linear systems of difference equations with rational coefficients. 

The analytic theory of matrix linear difference equations 



with rational coefficients is a subject of its own interest. It goes back to the fundamental 
results of Birkhoff fTT| IT^ which have been developed later by many authors (see the book 
and references therein). 
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Difference equations are classified in a rough way by terms: regular, regular singular, 
mild and wild (see [13 for details). The terminology reflects the formal asymptotic theory 
of the equation near the infinity. Equation (jl.lj) with the coefficients of the form 

n A 

a=a,+ j:^^ (1.2) 

m=l ^ ^ni 

is regular singular if = 1. It is regular if in addition A has no residue at the infinity, 
i.e. J2m=i ^rn. = 0. The mild equations are those for which the matrix Ao is invertible. In 
this paper we restrict ourself to the case of mild equations with a diagonalizable leading 
coefficient Aq. It will be assumed also that the poles Zm are not congruent, i.e. zi — Zm is 
not an integer, Zi — ^ Z. 

Equation (jl.lj) is invariant under the transformation = A' = pA{z), where p is a 
scalar. It is also invariant under the gauge transformation = g'^, A' = gA{z)g~^, g G SLr. 
Therefore, if Aq is diagonahzable, then we may assume without loss of generality that Aq is 
a diagonal matrix of determinant 1, 

Aji'=M*^ detAo = l[pj = l. (1.3) 

j 

In addition, throughout the paper it will be assumed that 

Tr (reSooAdz) = Tr ( A„ ) = 0. (1.4) 

\ m=l J 

If the eigenvalues of Aq are pairwise distinct pi ^ pj, then equation (jl.lj) has a unique formal 
solution Y{z) of the form 

Y =(^1 + e"''^^«+^^'^^ (1.5) 

where K^^ = ki6'^^ is a diagonal matrix. 

In pn^ lT^ difference equations with j)o/ynomm/ coefficients A were considered. Note, that 
the general case of rational A{z) is reduced to the polynomial one by the transformation 

A = A{z)Y[{z-z^), ^ = ^Y[T{z-Zrr,), (1.6) 

m m 

where T{z) is the Gamma-function. Birkhoff proved that, if the ratios of eigenvalues pi of 
the leading coefficient of A are not real, (Pi/Pj) 7^ 0, then equation (jl.lj) with polynomial 
coefficients has two canonical meromorphic solutions \l/r(-z) and "^liz) which are holomor- 
phic and asymptotically represented by Y{z) in the half-planes ^z » and ^z « 0, 
respectively. Moreover, Birkhoff proved that the connection matrix 

S{z) = ^;\z)^i{z), (1.7) 

which must be periodic for obvious reason, is, in fact, a rational function in exp{2TTiz). This 
function has just as many constants involved as there are parameters in A. The other result 
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of Birkhoff implies that if two polynomial matrix functions A'{z) and A{z) have the same 
connection matrix S{z) then there exists a rational matrix R{z) such that 

A'{z) =R{z + l)A{z)R-\z). (1.8) 

In a family of commuting transformations ()1.8|1 was explicitly constructed. Furthermore, 
it was shown that in the continuous limit the commutativity equations for a certain subset 
of these transformations converge to the classical Schlesinger equations ([14j). 

Until now key ideas of Birhoff 's approach to the analytic theory of difference equations 
have remained intact. A construction of actual solutions of (jl.lj) having prescribed asymp- 
totic behavior in various sectors at infinity resembles rather the Stocks' theory of differential 
equations with irregular singularities, then the conventional theory of differential equations 
with regular singularities. The monodromy representation of 7ri(C\{2;i, . . . , z„}) which pro- 
vides the integrals of motion for the Schlesinger equations, has no obvious analog in discrete 
situation. On the other hand the obvious differential analog of the connection matrix S{z) 
gives only the monodromy information at infinity and provides no information on local 
monodromies around the poles Zm- (Maybe by this reason Birkhoff just from the beginning 
eliminated the positions of poles and restricted himself to the case of polynomial coefficients). 

The main goal of this paper is to develop a new approach to the analytic theory of 
difference equations with rational coefficients and extend it to the case of equations with 
elliptic coefficients. It is based on the construction of meromorphic solutions of difference 
equations which are holomorphic along thick paths. 

It is instructive to present the case just opposite to the Birkhoff's one, namely, the 
case of real exponents pi. Let x be a real number such that x ^ 3fJzj. Consider matrix 
solution \E'x(-z) of equation (jl.lj) that is non-degenerate and holomorphic inside the strip 
z & Ux : X < ^z < X + 1 and continuous up to the boundary. It is also required that in 
the solution grows at most polynomially as \'^z\ — > oo. It is easy to show that if such a 
solution exists then it is unique up to the transformation = '^x{,z)g, g G GLr. Moreover, 
it turns out that, if exists, then it has the following asymptotic representation 

^!x = Yg^, Qz-^±oo . (1.9) 

To some extend, the ratio 

9x=9^{9-y' (1.10) 

can be regarded as a transfer matrix of the solution along the "thick" path 11^ from —ioo to 
ioo. 

Furthermore, we show that for x >> and x << the solution \E'a. does exist. In 
these regions it is x-independent. Therefore, we get two meromorphic solutions \E'r and 
\E'/ of equation (jl.ip . which are holomorphic in the half-planes >> and << 0, 
respectively. The corresponding transfer matrices gr = gx, x » 0, and gi = gx, x « are 
"quasi"-upper or -lower triangular matrices, i.e. 

gi\i^ = 1, gi^ = 0, if Pi < pj, g\^ = 0, if pi > pj, (1.11) 
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This result clarifies the well-known fact that, if $5 (pi/pj) = 0, then there are no Birkhoff's 
solutions with uniform asymptotic representation in the half-planes 3ft z >> and 9ft z << 0. 

If the solutions \E'r, are normalized by the condition g~ = 1, then their connection 
matrix has the form 

n q 

siz) = = 1 - E i > (1-12) 

m=l ^ ^ 

where 

n 

S^ = l+Y^ Sm = g;'e^'''''gi, (1.13) 

m=l 

and K is the same diagonal matrix as in ()1.5|) . To the best of the author's knowledge, the 
explicit form ()1.12j) of the connection matrix including the relations p.llll.l3|) is a new 
result even for the case of regular singular equations for which gr(i) = 1 (compare it with the 
Theorem 10.8 in [TB]). 

The direct monodromy map 

A{z) S{z) (1.14) 

for regular singular and mild equations is constructed in sections 2 and 3, respectively. In 
section 2.2 we introduce a notion of local monodromies of difference equations. First, they 
are defined for three examples of regular singular equations. Namely, for the case of special 
equations with the coefficients A E Aq of the form ()1.2p such that detA{z) = 1. The second 
case considered is the case of unitary difference equations with the coefficients A G 
satisfying the relation A'^{z) = A~^{z). The third example is the small norm case, i.e. the 
case of equations with coefficients such that \Am\ < £■ 

The existence of the canonical solution \E'^. is equivalent to solvability of an auxiliary 
system of linear singular equations. The index of that system equals 

indxA = / dlndet A, z E L : '^z = x. (1-15) 

Fundamental results of the theory of singular integral equations ([T3']) imply that, if indxA = 
then for generic A the canonical solution exists. 

The index ind^A vanishes identically, if det A = 1. Therefore, for generic A G Ao the 
solution exists for all x ^ ^Zk- It is x- independent, when x varies between the values 
^Zk- Suppose that ^zi < ^Z2 < ■ ■ ■ < 3ft-2„, then we obtain a set of n + 1 meromorphic 
solutions \E'fc(-2) of equation that are holomorphic in the domains ^z^ < ^z < ^z^+i + l 
(here k = 0, . . . ,n, and for brevity we formally set zq = — oo and Zn+i = oo). 

The local connection matrices = \E'^^^fc_i have the form 

Mfc = l-— - — . 1.16 

The evaluation of aX z = ioo equals 

Hi, = l + mk = g^^gk-i, (1-17) 



4 



where Qk is the transfer matrix p.lO|) along the strip 11^. for ^z^. < x < ^Zk+i- The matrix 
/ifc is a discrete analog of the monodromy matrix along a path from —zoo which goes around 
the puncture z^. and returns back to —ioo. 

The monodromy matrices fik uniquely define local connection matrices Mk{z) and the 
global connection matrix ()1.12|) . which is equal to the product 

S{z)=M^{z)M^r.-i{z)---M^{z). (1.18) 

Note, that a generic unimodular matrix S{z), det S = 1, of the form ()1.12j) has a unique rep- 
resentation p.l8j) . where the factors Mk have the form ()l.l(j|l . Therefore, the correspondence 
S{z) {yUfc} is one-to-one on open sets of the corresponding spaces. 

In all the three examples of difference equations considered in section 2.2, we show that 
the monodromy map ()1.14|) is one-to-one on open sets of the corresponding spaces. The 
solution of the inverse monodromy problem of reconstruction of the coefficients A{z) from 
the monodromy data is reduced to a certain Riemann-Hilbert factorization problem on a set 
of vertical lines. The possibility of this reduction is based on an existence of intermediate 
solutions \E';, \E'i, . . . , "^r, whose domains of analyticity overlap and cover the whole complex 
plane. 

For generic difference equations the inverse monodromy problem is solved in section 3. 
We prove that the monodromy map restricted to the subspace of coefficients having fixed 
determinant 

AgAdCA: detA(^)=Z}(^) = ^^=/^_ N = Y,h^, (1.19) 

is a one-to-one correspondence of open dense sets. If the zeros of D are not congruent 
to each other, then the injectivity of ()1.14|) restricted to Ad follows directly from the con- 
struction of canonical solutions. Isomonodromy transformations are used as an important 
intermediate step for the proof of surjectivity of ()1.14j) . 

Let us call two rational functions D and D' of the form ()1.19|) equivalent if their zeros and 
poles are pairwise congruent, i.e. Ca — CL ^ ^m — z'^ ^ Z. It turns out that for each pair of 
equivalent functions there exists a birational isomonodromy isomorphism : Ad ' — ^ A'^. 
Therefore, in order to prove that there is a map 

5s ^ Ad, (1.20) 

which is inverse to the restriction of ()1.14|) to Ad, it is enough to construct ()1.20p for at least 
one D in each equivalence class [D]. Here iSg is the space of connection matrices having 
fixed determinant D = D{w), w = e^'^*^; and (jl.2Up is defined on an open dense subspace 
of 55. 

In each equivalence class [D] there exists a representative D such that its zeros and poles 
belong to n^;. In that case the canonical meromorphic solutions and are holomorphic 
in the domains ^z < x + 1 and ^z > x, which overlap. Then, the problem of reconstruction 
of "^rii) is reduced to the standard Riemann-Hilbert factorization problem on the line = 
X + 1/2. 
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In Section 4 we consider the continuous limit of our construction. It turns out that the 
canonical meromorphic solutions of a difference equation 



^{z + h)=(l + hAo + hj2 -^^] ^{z) (1.21) 

V m=l ^ 

exist for any x such that |x — 3fJ2;rrt| > Ch. Furthermore, we show that in the limit h ^ this 
solution in the neighborhood of the path ^z = x converges to a solution of the differential 
system 

That implies that the monodromy matrices fik do converge to the conventional monodromy 
matrices of the corresponding system of differential equations. For difference equations with 
real exponents the transfer matrices gr{i) converge to the Stokes' matrices of equation p.22j) 
at the infinity, where the differential equation ()1.22|) has irregular singularity. Similar result 
is obtained for the Birkhoff 's case of imaginary exponents. 

In Section 5 we extend our consideration to the case of difference equations with "elliptic" 
coefficients. More precisely, we consider the equation 

^{z + h) = A{z)^{z), (1.23) 

where A{z) is a meromorphic (r x r) matrix function with simple poles, which satisfies the 
following monodromy properties 

A{z + 2ua) = BaA{z)B-\ B^e SLr, a = l,2. (1.24) 

The matrix A{z) can be seen as a meromorphic section of the vector bundle Hom{V,V), 
where V is a holomorphic vector bundle on the elliptic curve F with periods 2uJa, which is 
defined by a pair of commuting matrices Ba- If B^ are diagonalizable then without loss of 
generality we may assume that Ba are diagonal. Furthermore, using the gauge transforma- 
tions defined by diagonal matrices of the form one can make Bi to be equal to the identity 
matrix. In this gauge the second matrix B2 can be represented in the form B2 = e'^*'^/'^^, 
where g is a diagonal matrix. 

Without loss of generality we may assume that {002/ h) > 0. Along the lines identical 
to that in the rational case, we define the canonical meromorphic solutions of equation 
(ll.23p . They satisfy the following Block monodromy property 

^^.(z + 2CJ2) = e^^^/'^i^^(2)e"2^*^/'^^ ^125) 

where s is a diagonal matrix s*-' = Si6^^. The connection matrix of two such solutions 
<f!^{z) and ^^+iiz) = <ff^{z - 2uji) , i.e. 

^,{z)=<i/,{z-2iu^)S.,{z), (1.26) 

has the following monodromy properties 

S,{z + h) = S,{z), S,{z + 2^2) = e2--/^5,(z)e-2--/\ (1.27) 
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and can be seen as a section of a bundle on the elliptic curve with periods {h, liO'i). 

The correspondence Ai^z) S^i^z) is a direct monodromy map in the elliptic case. As 
in the rational case, a single-valued branches of the inverse monodromy map are defined 
on subspaces of coefficients Ai^z) with fixed determinant. Isomonodromy transformations 
which change the positions of poles and zeros of A are constructed in a way similar to the 
rational case. We also construct a new type of isomonodromy transformations which change 
the periods of elliptic curves. These transformations have the form 

A'{z) =n{z + h)A{z)n-\z) , (1.28) 

where 7^ is a meromorphic solution of the difference equation 

n{z + 2uJi + h)A{z) =n{z), (1.29) 

which has the following monodromy property 

The existence of such transformations shows that in the elliptic case there is a certain 
symmetry between the periods 2u!a of an elliptic curve and the step h of the difference 
equation. Note, that this type of symmetry for g-analog of the elliptic Bernard-Knizhnik- 
Zamolodchikov equations was found in [T^ . 

2 Meromorphic solutions of difference equations and 
Riemann-Hilbert problem 

The matrix differential equation d^"^ = Alz)"^ with rational coefficients has multi-valued 
holomorphic solutions on C\{zm}, where z^ are the poles of A{z). The initial condition 
\E'(zo) = 1, ^0 7^ ^m, uniquely defines in the neighborhood of Zq. This simple but funda- 
mental fact is a starting point of the analytical theory of differential equations with rational 
coefficients. Analytic continuation of \l/ along paths in C\{zm} defines the monodromy 
representation /i : 7ii{C\{zjn}) i — ^ GLr- 

A construction of meromorphic solutions of the difference equations is less obvious. It 
can be easily reduced to a solution of the following auxiliary Riemann-Hilbert type problem. 

Problem I: To find in the strip Ux : x<^z<x + l, a continuous matrix function ^{z) 
which is meromorphic inside Ux, and such that its boundary values on the two sides of the 
strip satisfy the equation 

$+(^ + l) = A(e)$-(0, ^ = x + zy. (2.1) 

If $ is a solution of this problem, then equation ()1.1|) can be used to extend it to a function 
on the whole complex plane. A 'priori is meromorphic outside the lines ^z = x + I, / G 
Z. On these lines is continuous due to (j2.H) . Recall a well-known property of analytic 
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functions: if / is a continuous function in a domain D of the plane and is holomorphic 
in the complement D\L of a smooth arc L, then / is holomorphic in D. Therefore, \E' is 
meromorphic on the whole complex plane and can be regarded as a meromorphic solution 
of (HH). 

The function t = tan(7rz) defines a one-to-one conformal map of the interior of onto 
the complex plane of the variable t with a cut between the punctures t = ±1. Under this map 
the problem ()2.1|) gets transformed to the standard Riemann-Hilbert factorization problem 
on the cut. Fundamental results of the theory of singular integral equations imply that 
the problem ()2.H) always has solutions. Moreover, if the index of the corresponding 

systems of singular integral equations equals zero, then for a generic A{z) this problem 
has sectionally holomorphic non-degenerate solution. The later means that there exists a 
constant a < 1 such that (t ± is bounded at the edges of the cut. In terms of 

the variable z a sectionally holomorphic solution of the Problem I is a non-degenerate 
holomorphic matrix function inside Ux and such that 

3 0<a<l, |<l>(z)| < e^™!^^!, ^ oo. (2.2) 

This solution is unique up to the transformation $'(z) = ^{z)g, g G SLr- 

Almost all the results of this section do not require any additional information. Let us 
provide some details needed for asymptotic description of "ifx- 



2.1 Regular singular equations 

We begin with the case of regular singular difference equation, i.e. equation with the 
coefficient A{z) of the form 

n A 

A = l+J2^^. (2.3) 

m=l ^ 

Equation is invariant under the gauge transformations A' = gAg^^, = g'^, g G SL^. 
Thus, if the residue of Adz at the infinity is diagonalizable, we may assume without loss of 
generality that 

n 

K = resoo Adz = ^ A^ = diag(A;i, . . . , kr). (2.4) 

m=l 

If ki — kj ^ Z, then equation (jl.lj) has a unique formal solution of the form 

Y=(l + f:xsz-'y''. (2.5) 

The coefficients Xs are defined by equations, which are obtained by substitution of ()2.5p into 
These equations express [-ft', Xs] + ^Xs in terms of Ai and Xi? • • • ^Xs-i, and can be 
recurrently solved for Xs- 

Let Vx be the space of continuous functions ^{z) in the strip n^,, which are holomorphic 
inside the strip and have at most polynomial growth at the infinity, i.e. 

<^eVx: BN, |<l>|<|z|^, zeUx. (2.6) 
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Lemma 2.1 Let x be a real number such that x ^ ^Zj. Then: 

(a) for \x\ »0 there exists a unique up to normalization non- degenerate solution ^ 'Px 
of the Riemann-Hilbert problem h2. 

(b) for a generic A{z) the solution $2,. G Vx exists and is unique up to normalization for 
all X such that ind^A = 0; 

(c) at the two infinities of the strip the function <l>x asymptotically equals 

^x{z) = Y{z)g^, ^z^±^. (2.7) 

Remark. Part (c) of the lemma means that, if Y^' = {l + Yl^=i Xs^"'') is the partial 
sum of ()2.5p then 



< 0{\z\-'^'-^), '^z ±oo (2.^ 



and the estimate ()2.8|) is uniform in the domain z G Ilx,e '■ x + e<^z<x + l~e for any 
e>0. 

Proof. First let us show that if exists, then it is unique up to the normalization. The 
determinant of $^ is a holomorphic function inside 11^. Its boundary values on the two sides 
of the strip satisfy the relation: Indet $+(^ + 1) = Indet + Indet A{^). If ind^A = 0, 

then the principal part of the integral of (rf Indet ^x) along the boundary of Ux equals zero. 
Therefore, if ^x is non-degenerate at least at one point then it is non-degenerate at all the 
points of Ux- Now, suppose that there are two solutions of the factorization problem, then 
g = ^x^^'x is an entire periodic function. It can be regarded as a function g{w) of the 
variable w = e^'^*^, holomorphic outside the points w = 0, w = oo. From ()2.6|) it follows 
that 

lim wqiw) = 0, lim w~^q(w) = 0. (2.9) 

Therefore, g{w) has an extension which is holomorphic at the points w = and w = oo. 
Thus it is a constant matrix. 

In a standard way the problem ()2.1|) is reduced to the system of linear singular equations. 
Let us fix for each positive integer m a holomorphic in Ux function Y^, which at ±ioo 
coincides with Y up to the order m. If ^ Ha., then we can define Y^ by the m-th partial 
sum of (|2.5|) . If G Ha;, then we choose Xq ^ Ux and take Y^ in the form 

(m \ 
l + EXs(^-a;o)"M (z-xof, (2.10) 

where the coefficients Xs ai'e uniquely defined by the congruence 

(l + tUz - xo)-^) (l + ' = ^ + Oiz'""')- (2-11) 

Each sectionally holomorphic in Ux function can be represented by the Cauchy type integral. 
Let us consider a function ^x given by the formula 

$, = r^0, (f)=l + J^ip{0k{z,0d^, (2.12) 
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where L is the hne 3?^ = a; and 

Let H be the space of Helder class functions on L, such that 

ifeH:3a<l, \ if{0\ < 0(e™l^«l). (2.14) 

If G if , then the integral in ()2.12|) converges and defines a function (j), which is holomorphic 
inside 11^, and is continuous up to the boundary. The boundary values 0^ of (p are given by 
the Sokhotski-Plemelj formulae 
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r (0 = 1 + /.(o - + 1) = 1 + /.(o + (2.15) 



where /y>(0 denotes the principle value of the integral 

I^{^)=p.v.j^^{Ok{^.Odi'- (2.16) 
The equation ()2.ip is equivalent to the following nonhomogeneous singular integral equation 

(i+ 1)^-2(1 -1)7^ = 2(1-1). (2.17) 

where 

A = Y^{i + iy^A{i)Y^{S,). (2.18) 
By definition of Ym-, for large | 2;| we have 

1^(0 - 1| < 0(1^1-™+^) , K = ma.^ij\ki-kj\. (2.19) 



For large |x| the left hand side of ()2.19p is uniformly bounded by O (|x| '"+'^), and equation 
(|2.17p can be solved by iterations. 

Consider a sequence of the functions ipn defined recurrently by the equation 

{A + 1) ^„ - 2{A - l)/^„_, = 2(i - 1), (2.20) 
where = 0. For n > equation (j2.20|) implies 

{A + 1) (<^„+i - <^„) = 2(1 - l)/(^„-^„_,)- (2-21) 

Therefore, if the norm of {A — 1) is small enough, then Iv^n+i ~ Vn\ < ce", e < 1. The 
sequence ipn obviously converges to a continuous function (p, which is a solution of (j2.17p . 
Moreover, by standard arguments used in the theory of boundary value problems (see J3] 
for details) it can be shown that (p is a Helder class function, and thus the first statement of 
the Lemma is proven. 

For any x the left hand side of ()2.17p is a singular integral operator K : H i — > H. 
It has the Fredholm regularization. Furthermore, the fundamental results of the theory of 
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the Fredholm equations imply that nonhomogeneous hnear equation ()2.17|) is solvable if the 
adjoint homogeneous equation 

fiOm) + 1) - 2 (p.v. f{OH^\ Od^) m) - 1) = 0, (2.22) 

for a (row) vector-function / G Hq has no solutions (see §53 ^15J). Here Hq is the space of 
the Helder class functions that are integrable on L. Each solution of (j2.22p defines the (row) 
vector-function 

F{z) = cos2(7r(^ - x)) fiOH^, z) di) Y-\z), (2.23) 
which is a solution of the dual factorization problem in n^. 

F(e+1)A(0 = F(0, eeL. (2.24) 

The Cauchy kernel k{C,,z) has a simple pole at x' = x + 1/2. Therefore, F is holomorphic 
inside and equals zero at x', F{x') = 0. It is bounded as \Qz\ oo. Non-existence of 
such solution F is an open condition. That implies the second statement of the lemma. 

From (j2T7ll2T9|l it follows that is bounded at the infinity and |(/?(0I < 0(|^|~'"+^). 
Let us show that for z G Il^.e 

cl)(z) =g^ + Oi\z\-"'~^''-^') , Qz^ ±oo, (2.25) 

where 

9^ = '^ -I ^(tan(7r2(e - x)) ± 1) cpiO (2.26) 

Consider the case Qz —* oo. The integral in ()2.12j) can be represented as the sum of two 
integrals Ji and 12- The first one is taken over the interval Li : {x — 2oo,^o) and the second 
one over the interval L2 : (^o;^ + ioo), where ^0 = x + iQz/2. In 11^ ^ the Cauchy kernel is 
uniformly bounded k{z,^) < C. Therefore, 

\h\<c[ \ifiO\d^<Oi\z\-'^+'^+'). (2.27) 

For ^ G Li we have |^ — -z] > '^z/2. Therefore, 

fc(^,0 = fc+(0(l + O(e-'^l^l)), A;+(0 = (l-tan(7r^(e-x)), ^ e ^1 (2.28) 

Hence, 

/ K{i)^{m +0{e~-\^\) [ A;+(0|^(OMe< 0(1^1-™+''+^) (2.29) 



9 



< 



The proof of ()2.25j) for '^z ^ — 00 is identical. 

The solution of the factorization problem is unique. Therefore, the left hand side of ()2.12j) 
does not depend on m. Equation ()2.25|1 implies ()2.8|) for m! < m — 2k,. Now letting m ^ 00 
we obtain that ()2.8|) is valid for any m' and the proof of the lemma is completed. 
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Theorem 2.1 If Aq = 1 and ki — kj ^ Z, then: 

(A) there are unique meromorphic solutions and of equation Hl.l}) which are non- 
degenerate, holomorphic, and asymptotically represented by Y{z) in the domains « 
and » 0, respectively ^; 

(B) the matrix S = "^^^"^j. has the form 

no n 

^(^) = 1-E ,..,. S^ = l+Y.S.. = e^-\ (2.30) 

m=l ^ m=l 

The first statement and the form of the connection matrix S{z) are known (see Theorem 10.8 
in fSJ). The author has not found in hterature an explicit form of the matrix 5*00 ■ Birkhoff 
proved that S^o = 1 for the regular equations, where K = In [1^] it is stated only that 
Soo is non-degenerate. 

Proof. The function $3., when it exists, defines a meromorphic solution of the difference 
equation ()1.1|) . 

Lemma 2.2 Let x < y be real numbers such that the corresponding boundary problems \2. 1]) 
have solutions in Vx and Vy, respectively. Then function M^^y = "^"^"^x has the form 

Mxy = l- E , """'^"f . (2-31) 

Jx,y 

where the sum is taking over a subset of indices Jx,y corresponding to the poles such that 
X < 3?2fc < y. 

Proof. By definition '^x is holomorphic in n^.. In the domain '^z > x + 1 it has poles at the 
points -Zfc + /, / = 1, 2 . . . , for 3?^^ > x. Therefore, the function Mj. ^ in 11^^ has poles at the 
points congruent to 2;^, k E Jxy The function Mx^y is a periodic function of z. The same 
arguments, as ones used above for the proof of the uniqueness of show that Mx^yiw) 
considered as a function of the variable w = e^'"^^ has holomorphic extension to the points 
If = 0, w = 00. Hence Mx^y{w) is a rational function of the variable w. It equals 1 at u; = 
and has poles at the points Wk = e^'^*^*, k G Jxy Therefore, Mj. ^ has the form (j2.31|) . 

Remark. The proof of the Lemma shows also that the existence of $^ for a generic A and 
X such that indxA = is a simple direct corollary of the existence of ^i. Indeed, let Mj. 
be a function of the form ()2.31|) . where the sum is taken over all Zk '■ ^Zk < x. Then the 
condition that the function '^x = "^iM'^, is holomorphic in Ux is equivalent to a system of 
algebraic equations on the residues of Mx- If indxA = 0, then the number of equations is 
equal to the number of unknowns. Therefore, for a generic A the canonical meromorphic 
solution "^x of (|l.ip does exist. 

The Lemma implies that "^x is locally x-independent. In particular, \E'^ is x-independent 
in the infinite interval x < mmk{^Zk} . The corresponding function is the unique mero- 
morphic solution of equation p.ll) . which is holomorphic at ^z << and asymptotically 

^In the asymptotic equalities 5'r(/) = Y we assume the choice of the single- valued branch of Inz on C 
with a cut arg 2 = 7r/2 
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represented by Y, when '^z —>■ — oo, and asymptotically represented by Ygi, when oo. 
For large the coefficient {A — 1) of equation (j2.17j) is uniformly bounded. Therefore, cp, 
which decays as \(p{^)\ < Od^l"™"*"^) at the two edges of L is also uniformly bounded by 
0(1x1"™+''). Then from equation ()2.26p it follows that = 1 + 0(|x|"'"+''). The matrix 
9i — 9x idx) ^ is X- independent. Hence, gi = I and is asymptotically represented by Y 
in the whole half-plane 3^2; << 0. The same arguments show that for x >> can be 
identified with \E'j.. The statement (A) of the theorem is proved. 

The formula ()2.30|1 is a particular case of the formula ()2.31|) . In order to complete the 
proof of the statement (B), we recall that the definition of y, and therefore, the normalization 
of requires to fix a branch of In z. In our consideration it was always fixed on the z plane 
with a cut along the positive half of the imaginary axis. In this case, the evaluation of S at 
—ioo equals 1, and its evaluation at ioo is equal to the ratio of z^ on two edges of the cut. 



2.2 Local monodromies. 

The necessary condition for the existence of a solution of the boundary value problem 
()2.H1 is the equation indxA = 0. If this condition is satisfied for all the values of x then we 
define a notion of local monodromies of difference equations (jl.ll) . 

Special regular singular equations. We call regular singular equation (jl.lj) special, if 
the residues Ai of A[z) are rank 1 matrices 

A{z) = 1 + E (2-32) 

k=l ^ 

and the determinant of A identically equals 1, det A{z) = 1. Here Pk,cik are r-dimensional 
vectors, considered modulo transformations 

Pk CkPk, Qk c^^Qk , (2.33) 

where Ck are scalars. The space of such matrices is of dimension 2N{r — 2) and will be 
denoted by ^o- Explicit parameterization of an open set of the space can be obtained, if 
we order the poles, and represent A{z) in the multiplicative form 

A{z) G Ao : Aiz) =(l + ^] . . . f 1 + ^] , (2.34) 

\ Z — Zn / \ Z — Z\ ) 

where a^, are pairs of orthogonal vectors 

&fcafc = 0, (2.35) 
considered modulo the transformation ()2.33|) . Equation ()2.35p implies 

( 1 + ^\ " = f 1 - ^\ ^ det f 1 + ^\ = 1. (2.36) 

V Z — Zk I \ Z — Zk \ Z — Zk 
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From ()2.34l I2.35|) it follows that the parameters pk, Qk in the additive representation ()2.32|) 
of A satisfy the constraints 



N T 

qll^'pk = 0, /. = 1+E/^- (2-37) 



For matrices A ^ Aq the gauge fixing assumption (j2.4|) has the form 

n n 

J2 P^^^ = ^'"C = diag (/ci, . . . , K) = K . (2.38) 

m,=l m=l 

It is assumed throughout this subsection that the real parts of the poles = 3? are distinct, 
and Tk < k < m. For further use, we introduce also the notation tq = — cxD,r„+i = oo. 

Theorem 2.2 (i) For a generic matrix A G satisfying \2.3t^) . where ki — kj ^ Z, 
the corresponding special regular singular equation Hl.l]) has a set of unique meromorphic 
solutions k = 0, . . . ,n, which are holomorphic in the strips Vk < < Vk-^-i + 1 and 
asymptotically represented by Yg^, as z ^ ±oo, where (7^ = 1. 

(a) The local connection matrices Mk = \E'^^\E'fc_i, k = 1, . . . ,n, have the form 

where {ak,Pk) o'^e pairs of orthogonal vectors 

(3lak = 0, (2.40) 
considered modulo transformations \2. and such that 

(1 + «X) ■ ■ ■ (1 + = e'"*'' (2.41) 



(m) The map of pairs of orthogonal vectors {cimj^m} ' — ^ {o^kil^k}, considered modulo 
transformation \2.3'Jji . is a one-to-one correspondence of open sets of the varieties defined 
by the constraints \2. S,5\ \2.S^) and \2.4(\ \S-4i\ l> respectively. 

Proof. As it was shown above, a solution ^ of the factorization problem ()2.ip exists 
if the homogeneous singular integral equation ()2.22|) has no solutions. That is an open type 
condition and therefore for generic A the corresponding meromorphic solution \E'^ of equation 
(jl.ip does exist. If < x < r^+i, then equation (jl.lj) implies that has poles at the points 
Zjn + l, m = 1, 2 . . . , for k < m and at the points Zm — I, I = 0,1, ... , for m <k. Therefore, 
is holomorphic in the strip < 3fJz < r^+i + 1 and can be identified with ^>k. The 
solutions '^k exists for all k, if A belongs to the intersection of open sets corresponding to 
each k. It is still an open condition, therefore, ^k do exist for a generic A. They are unique 
and have asymptotic representation, described in (z). 

The residues of A{z) are rank 1 matrices. Therefore, the residue of Mk at Zk is also a 
rank 1 matrix and can be represented in the form ak0^ , where ak,Pk are vectors defined 
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up to the transformation ()2.33|) . Then ()2.3H) imphes equation ()2.39|) . From the constraint 
det A = 1 and the normahzation gj^ = 1 it follows that det \E'fc = 1. Hence, det = 1. That 
implies (12 .41)1) . The global connection matrix is the product of local ones, S = Mn ■ ■ ■ Mi. 
Therefore, equation ()2.30|) implies ()2.41|) and thus the second statement of the Theorem is 
proven. 

Now let us show that the map {am,bm} i — ^ {ctk, Pk} is injective on the open set of 
matrices A & Aq for which the corresponding difference equation has a set of canonical 
solutions Indeed, suppose that there exist two special regular singular equations having 
the same local connection matrices. Then we have two sets of the corresponding meromorphic 
solutions \E'fc and \E'^ which are holomorphic in the strips 3^2; G {rk,rk+i + 1), and which are 
asymptotically equal to 0{l)z^g^, (7^ = 1 as 3=2; — > ± oo. Note, that the matrices g'^ are 
the same for and \Ef^ because they are equal to the products of the monodromy matrices 
/ifc = 1 + ak0l 

g^ = 1, gt = /ifc-i ■ ■ ■ , /ii, k>l. (2.42) 

The matrix function, which equals \E'^\E'^^ in each of the corresponding strips is continuous 
across the boundaries. Hence, it is an entire function which is bounded at the infinity. It 
tends to 1 as '^z —00. Therefore, it equals 1 identically. 

The proof of a surjectivity of the map {am,bm} ' — {c(k,Pk} on an open set of the 
connection matrices once again is reduced to the Riemann-Hilber type factorization problem. 
Let us fix a small enough real number e. Then, the vertical lines Lm : ^C, = ^Zm + £ divide 
the complex plane into {n + 1) domains Vk, k = 0, . . . ,n. 

Problem II: For a given set of matrix functions on Lj find matrix functions Xk{z), 

which are holomorphic inside the domains Vk, continuous up to the boundaries, and whose 
boundary values satisfy the equation 

^^-iiO = X,-iOMkiO, i^L,. (2.43) 



Let Mfc be a set of matrices of the form ()2.39p satisfying the constrains ()2.40I2.41|) . Then 
we consider first the Problem II for the set of piece-wise constant matrices 

Ml{^) = 1, > 0, Ml{0 =fik,Q^<0. (2.44) 

This is just the inverse monodromy problem for differential equation, solved by Plemelj. He 
showed that the solution of this problem exists if at least one of the monodromy matrices is 
diagonalizable ^Tj. Let J-'k be a solution of this auxiliary problem. Then we define a new 
set of functions AikiO by the formula 

Mk = J',lM,{j^^y\ (2.45) 

The function Mk tends to fik exponentially, as '^z 00. Therefore, TWfe — 1 at both the 
edges of L^. In that case we may find a solution of the problem (j2.43|) in the form of the 
Cauchy integral 

X{z) = l + Y^ f ^^iil^. (2.46) 



15 



Inside each of the domains formula ()2.46|) defines a holomorphic function X^. Using 
the Sokhotski-Plemelj formulae for their boundary values we obtain the system of singular 
integral equations for Xk 

\xkmMu{i) + 1) - ^.hmMk{i) - 1) = {Mu{i) - 1), (2.47) 
where /^(O denotes the principle value of the integral 

Ix{0=P-v.T.f ^jfzT^- (2-48) 

The non-homogeneous term of the system tends to zero at the infinity. Therefore, for a 
generic set of matrices Mk the system has a solution in the space of Helder class functions 
decaying at infinity. That implies that tends to the identity matrix at the infinity. The 
functions J-'k have asymptotic behavior 0{l)z^g^. Hence the functions = X^J-'k have the 
same asymptotic behavior. Its boundary values satisfy the relation 

^ti(0 = ^."(OMfc(0, ^eLk. (2.49) 

This equation can be used for the meromorphic extension of on the whole complex plane. 
At the same time it shows that the function A^^z) = "^ki^ + 1)\E'^^(2;) is fc- independent. In 
the domain it has a unique simple pole at Zk- Therefore, A{z) is a meromorphic function 
with simple rank 1 poles at the points Zk- It tends to the identity matrix at the infinity and 
det A = 1, i.e. A E Aq and thus the Theorem is proven. 

Unitary difference equations. As it has been emphasized above, for a given real number 
X the canonical meromorphic solution \&a; exists only for generic difference equations. Here 
is an example of the class of difference equations for which the canonical solutions always 
exist. 

We call the difference equation unitary, if its coefficient satisfies the condition 

A{z)eA^: A+{z)=A-\z), (2.50) 

where A'^ is the hermitian conjugate of A. An open set of such matrices can be parameterized 
by the sets of unit vectors 

M^) = IlU + (^kat-^^—^) ^ a^flfc = |afc|^ = 1. (2.51) 

k=l ^ Z Zk J 

The factors in the product ()2.5H1 are ordered so that the indices increase from right to left. 
Recall that in this section we assume that the residue of A at the infinity is a diagonal matrix 

n 

J2{zk - Zk)akat = K, K'^ = hS'^ , h-kj^Z. (2.52) 

k=l 

Equation ()2.50|) implies det A{z) = det A'-^lz). Therefore, for any x ^ ^Zk the index of the 
boundary problem ()2.H1 equals zero, indx A = 0. 
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Lemma 2.3 Let A{z) be the coefficient of a regular singular unitary equation. Then for 

each X ^ the boundary problem \2. 1]) has non- degenerate solution £ 'Px such that 

^t{z) = ^-\z). (2.53) 

This solution is unique up to a unitary normalization 

$;(2) = ^^{z) u, ue U{r) . (2.54) 



Proof. As it was shown above, the Riemann-Hilbert problem ()2.H1 has a solution $ G Pr, 
if the dual boundary problem ()2.24j) has no vector solution which is bounded at —zoo and 
tends to zero faster then any negative power of ^3 z at the other edge of the strip. Suppose 
that such vector solution F exists. Then the scalar function F{z)F^{z) is holomorphic in 
and tends to zero at both edges of the strip. Therefore, the integral of this function over 
the boundary of the upper half 11+ of the strip U^c exists and equals zero, 

/ F{z)F+{z)dz = 0, z G n+ C : 3 2 > 0. (2.55) 

On the other hand, from ()2.5Up it follows that this function is periodic, i.e. its evaluations 
at ^ = X + iy and ^ + 1 are equal. Therefore, the integral ()2.55j) equals the integral over the 
bottom edge of 11+ 

/ F{z)F+{z)dz= \F{x')\^dx' > 0. (2.56) 
Jdn+ Jx 

The contradiction of ()2.55|) and ()2.56|) implies that exists. It was shown earlier that 
is unique up to normalization. Let us normalize it by the condition that has asymptotic 
F as 3=2; — i> — oo. At the other edge of the strip it has asymptotic Yg^ (in this subsection 
we don't use notations g"^ in order to avoid confusing them with the sign of the hermitian 
conjugation.) 

Our next goal is to show that g^ is a positively defined hermitian matrix. Indeed, from 
fl2.50|) it follows that if is a solution of the boundary problem, then the matrix ($+(z)) ^ 
is also a solution of the same problem. That implies 

$+(^))"^ = $^(2)/i, he GLr. (2.57) 

The evaluation of this equality at two edges of the strip gives gh = 1 and g^h = 1. Hence, 
g = g^. The matrix <l>+(z)<l>^(z) is holomorphic in II^. and has equal values on two sides of 
the strip. Hence, for any vector v we have 

/ v+<i>^{z)<i>^{z)vdz = \ — > v+ gv = r^\+ (!>^{x')<i>^{x')vdx' > 0. (2.58) 
Jdnt Jx 

Thus g is positively defined, and therefore there exists a matrix gi such that g = gtgi- 
Equation ()2.57|) implies that the function = ^xgi^ satisfies fl2.53|) . 
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Theorem 2.3 Let A{z) be a matrix of the form \2.51]) . Then: 

(i) the corresponding difference equation / li.i)) has a unique set of meromorphic solutions 
such that: (a) is holomorphic in the strip Vk < ^ z < r^+i + 1, and grows at most 
polynomially, as Q z ^ ±00; (6) \&o = {I + 0{z^^ j) z^ , z ^ —00; (c) satisfies the 
relation 

^ti^) = ^k\z); (2.59) 
(d) the local connection matrices = '^^^^'^k-i have the form 

Mu{z) = 1 - fk{z)auat, (2.60) 

where 

f,{z) = (1 + \w,\) "^"^^'rj"^'' \ w = e^^'\ w, = w{z,) (2.61) 

WWj^ — 1 

and ak are unit vectors, a^ak = 1, satisfying the constraint 

(1 - i/„a„a+) ■ ■ ■ (1 - z/iaia+) = e"^^, z/^ = 1 + (2.62) 

(ii) The monodromy map of sets of unit vectors {a^} 1 — > {afc} is a one-to-one correspondence 
of the varieties defined by equations \2.5^) and \2.62^) . 

Proof. Lemma 2.3 implies that solutions ^'j. satisfying conditions (aj^and (c) exist and are 
unique up to normalization. The corresponding connection matrix M^, which is a rational 
function of w, satisfies the equation 

K+{z) = K-\z) (2.63) 

and has the only pole at w^, where its residue is a rank 1 matrix. It is easy to check that each 
matrix, which satisfies these properties has a unique representation in the form = UkMk, 
where Mk is given by ()2.60|) and Uk G U{r). The condition (6) uniquely normalizes \^o- 
Then, under the change of the normalization = "^kUk, Uk G U{r), the local connection 
matrices get transformed to Mk- 

The global connection matrix S = M„ ■ ■ ■ Mi up to a ^-independent factor is equal to the 
global connection matrix 5* corresponding to the canonically normalized solutions "^k used 
before, i.e. 5* = S{—ioo)S{z). Therefore, using ()2.63|) we get S{ioo) = S^^{—ioo)S{ioo) = 
5*^(200). The left hand side of ()2.62p equals S{ioo). Therefore, equation ()2.30|) implies ()2.62|) . 

The proof of (ii) is almost identical to that of the last statement of Theorem 2.2. 

Small norm case. Now we are in the position to present another case, for which once 
again the notion of monodromies around the poles of A{z) can be introduced. This case is 
of special importance for further considerations. 

For simplicity, it is assumed throughout this subsection that ^Zk < ^Zm, k < m. Let 
us fix a number e << maxkm\^ Zk — ^z^l and consider the space of matrix functions A{z) 
of the form (j2.3p such that the euclidian norm \Ak\ < 6/2. If e is small enough, then A{z) 
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is invertible for \z — z^l > e, and therefore, zeros of det A are localized in the neighborhoods 
of the poles. Let us denote them by z^^: 

det A{Zf:J = 0, \zk - z]:^\ < e, s = 1, . . . , hj, = rank Aj,. (2.64) 

Furthermore, for small enough e a solution of the singular equation ()2.17j) for Xk = {^Zk + 
^Zk+i)/2, = 1, . . . , n — 1, can be constructed by the same iterations ()2.20|) as it was done 
before for |x| >> 0. The corresponding canonical solution = "^Xk of (jl.ll) has poles at the 
points Zm + I, 1 = 1,..., k <m and at the points — /, / = 0, . . . , m < k. Then, along 
lines identical to those used for the proof of Theorem 2.2, we obtain the following statement. 

Theorem 2.4 There exists e such that, if \ Ak\ < e and satisfy \2.Ji\l , then the corresponding 
regular singular equation M.l]) has a set of unique meromorphic solutions \l'fc, k = 0, . . . ,n, 
which are holomorphic in the strips + £ < 9ft z < r^+i + 1, and grow at most polynomially 
as \Q z\ oo, and are normalized by the condition: limc^z~*-oD'^kZ^^ = 1- 

(i) The solutions o,re asymptotically represented by Yg^, as ^ z ^ ±oo; gf^ = 1, 
9o = 9n = 1- 

(u) The local connection matrices Mk = \E'^^\E'fe_i, k = 1, . . . ,n, have the form 

where are matrices such that 

(l + m„)...(l + mi) =6^'^*^. (2.66) 

{Hi) The map {Am} i — > {^fc} is a one-to-one correspondence of the space of matrices 
\Am\ < £, satisfying \2.Ji\l , and an open neighborhood of the point {ruk = 0) of the variety 
defined by equation i2.6(^) . 



2.3 Mild equations 

In this subsection the previous results are extended to the case of mild differential equations 
with diagonalizable leading coefficient 

n \ 

A = Ao+$:— ^, A'i = p,b'^ (2.67) 

m=l ^ 

If Pi 7^ pj, then (jl.lj) has unique formal solution of the form ()1.5|) . The substitution of ()1.5|) 
into p.lj) gives a set of equations for x<,. The first nontrivial equation 

[Ao,Xi]= Y.Am-K (2.68) 

m=l 

defines the diagonal matrix 

n 

K^^ = h5'\ K=Y. (2.69) 

m=l 
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and the off-diagonal part of the matrix xi- each step the consecutive equation defines 
recurrently the diagonal entries of Xs~i and the off-diagonal part of Xs- 

First, let us consider the case of the real exponents. 

Theorem 2.5 Let A he a matrix of the form \2. 61 ) with pi ^ pj, '^pi = 0. Then: 

{A) there are unique meromorphic solutions of equation / ti.ij) . which are holo- 

morphic in the domains « and » 0, respectively, and which are asymptotically 
represented hyYgty g^,^ = 1, as '^z ±oo; the matrices gr{i) = g^n\ satisfy the constraints 

(EH; 

gl\i) = 1, gl' = 0, if Pi < pj, g\' = 0, if pi > pj, (2.70) 
(B) the connection matrix S = {'$r)^^'^i has the form 



n q n 

S{z) = 1 - E ....(.-I),! ^ 5^ = 1 + E 5™ = ^.-^e--,, ; (2.71) 

m=l ^ m=l 



If the case of real exponents '^pi = the matrix g^inAo+z/^ grows at most polynomially 
as z\ — > cx), and almost all the results proved above for the regular singular equations 
hold. Lemma 2.1 does not require any changes at all. As before, it implies the existence 
of meromorphic canonical solutions and \E'/ of p.l|) . These solutions are asymptotically 
represented by Yg^^y '^z ±oo. They are uniquely normalized by the condition g'j^^^-^ = 
1. The only difference of mild equations with distinct real exponents and regular singular 
equations is that for the first ones equation gi(^r) = 1 does not hold. The coefficient {A — 1) 
in fj2.17|) is of the form 

From ()2.17p it follows that if asymptotically has the quasi-triangular form. Then equation 
(IT^ implies ^17^ . The proof of (ETT|) is identical to that of ^i^. 

Let us consider now the Birkhoff 's case of exponents pi with distinct imaginary parts 
of Inpj. Below we assume that the branch of Inpj is chosen such that 

-7T <Ui = Q{lnp,) <7r. (2.73) 



Theorem 2.6 Let A be a matrix of the form \2. 6'7| ) with ^ Vj ^ 0. Then: 

{A) there are unique meromorphic solutions \E'/,\l'r of equation M.l\) . which are holo- 
morphic in the domains << and ^z >> 0, respectively, and which are asymptotically 
represented by Y, Qz ±oo; 

(B) the connection matrix S = (\E'r)~^^« has the form 

n q 

S(z) = So-y -^r^^, , (2.74) 

m=l ^ ^ 

where Sq and Soo = 1 -l- J2m=i satisfy the constraints: 

Sl^ = l, 5^ = 0, if i/.>z/„ ^^ = e2-^'=^ S^ = 0, \iui<u,. (2.75) 
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The first statement of tlie tlieorem is one of tfie fundamental Birkhoff 's results. Nevertheless, 
it is instructive to outline its proof via the Riemann-Hilber factorization problem It 
clarifies the similarity and the difference of the Birkhoff 's case and the case of real exponents. 
The differences are mainly due to the simple fact that in case z/j 7^ Vj the formal series Y 
and Yg are asymptotically equal to each other, as — > ±00, if g is quasi upper- or lower- 
triangular matrix , respectively, whose diagonal entries equal 1. As a result, the notion of 
the transfer matrix gx along the thick path introduced above has no intrinsic meaning in 
the Birkhoff 's case. It is hidden in the normalization of ^i(r), and to some extend, re-appear 
in the form of the connection matrix S. 

As above, the construction of a sectionally holomorphic solution of the Riemann- 
Hilbert factorization problem ()2.H) is reduced to a singular integral equation. Let be a 
function given by the formula 

= <P = g + ^iOHz, dt (2.76) 

The function $^ is a solution of the Riemann-Hilbert problem if G is a solution of the 
singular integral equation 

(I 2(1-1)/^ = 2(1 -!)(?, (2.77) 

where A is given by ()2.18p . For regular singular equations and for the case of mild equations 
with real exponents a choice of the constant term g in ()2.76|) was inessential. It becomes 
crucial for the case of imaginary exponents. 

Our next goal is to show that there exists a unique matrix g whose diagonal entries equal 
g^^ = 1, and such that equation ()2.77|1 has a solution ip E H with entries satisfying the 
conditions 

l<^*^'(OI < 0{ Ivr^'^n e^"-, = Vi- y,. y = ^^^ ±00. (2.78) 

If a smooth matrix function (p satisfies ()2.78p . then the corresponding Cauchy integrals have 
the following asymptotics 



± Uij > : 



<0(|y|— +'')e^--, y^±oo, 
|/;^'-/^| <0(|y|-™+'^)e^--, y^Too, 



where 

±z/,,>0: /^■ = -^|^(tan(7ry)±l)^^^(e)rfe (2-80) 

The proof of the second inequality in ()2.79|) is almost identical to that of ()2.25p . The first 
inequality can be obtained by similar arguments (see also formula () in ^^^). 

Self-consistence of equation ()2.77|) and the conditions ()2.79|) imphes 

9 = 1- U, (2.81) 

where f^p is an off-diagonal matrix given by ()2.8()j) . Equations (j2.77|l and (12.811) can be seen 
as a system of equations for unknown (f{C,) and g. This system for a large \x\ can be solved 
by iterations. For that we take !fQ = and define recurrently by the equation 

(I + 1) = 2(1 - 1)(1 + Ip„ - UJ, (2.82) 
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From ()2.79|) it follows that if satisfies ()2.78|) . then v?n+i satisfies the same conditions, as 
well. The sequences Qn = 1 — fip„, '■Pn converge and define g and a solution ip of (|2.77|) . which 
satisfies dTTHll . 

From ()2.79j) it follows that if cj) and g are solutions of ()2.77|1 and 1)2.8111 . then the off- 
diagonal entries of the matrix function $ given by ()2.76|) have the asymptotic 

W={z)\ < 0( liPj/prYl , '^z ^ ±00. (2.83) 

on both the edges of Ilx,e- For the diagonal elements of we have the same asymptotic as 
that proven above for the case of regular singular equations, i.e. 

\(l)^'{z) - vf\ < 0( 1^1"™+"+^), Qz ±00, (2.84) 

where 

= 1 - ^ y^(tan(7r2(e - x)) ± 1) if"{0 d^. (2.85) 

The same arguments as used above in the section 2.1, show that, if there exists a sectionally 
meromorphic solution of the Riemann-Hilbert problem (j^HJ)? then it is unique. Therefore, 
f)2.83|2.84p imply the following statement. 

Lemma 2.4 For a generic A, such that indx A = there exists a unique holomorphic solu- 
tion $3. of the Riemann-Hilbert Problem \2. 1]) asymptotically represented by Y , as —>■ —00, 
and Yvx, as Qz — >■ 00, where is a diagonal matrix. 

For large the solutions of equation ()1.1)1 corresponding to are x-independent 
for X >> and x << and can be identified with the Birkhoff's solutions and \E';, 
respectively. Indeed, for a large |x| the functions yj'* are uniformly bounded by 0{\x\^"^^'^). 
Therefore, ()2.84|) implies Vi(^r) = 1- The first statement of the theorem is proved. 

From ()2.73|) it follows that the connection matrix S considered as a function of the 
variable w = e^'^'^ has holomorphic extension at the points w = 0,w = 00. Therefore, it is 
a rational function of w having poles at Wm = w{zm)- Hence, it has the form ()2.71|) . Its 
evaluations a.t w = and w = 00 are quasi triangular matrices for obvious reasons. The 
proof of the theorem is completed. 



Local monodromies for mild equations can be introduced for the same three cases con- 
sidered above in the section 2.2. Namely, for the cases of special, unitary and small norm 
coefficients. The form of the local monodromy matrices in the case of mild equations with 
real exponents was described in the Introduction. Extensions of all the other results of the 
section 2.2 for the case of mild equations are straightforward. For example let us consider 
the special mild equations with imaginary exponents, satisfying the Birkhoff's condition. 

Theorem 2.7 (i) For a generic matrix A of the form 

Aiz) = Ajl + ^]...(l + ^] (2.86) 

V Z- Zn V Z- Zi 
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where 

(a) Al^ = piS'^ Ui ^ Uj, Ui = Q{\npi), (6) bla^ = 0, (c) < ^z^, k < m, 

equation Hl.l}) has a set of unique meromorphic solutions k = 0, . . . ,n, which are holo- 
morphic in the strips Vk < ^z < r^+i + 1, and asymptotically represented by Yv"^, as 
z ^ ±oo, where = 1, and is a diagonal matrix 

(ii) The local connection matrices Mk = '^J^^'^k-i, k = 1, . . . ,n, have the form 

= - (2.87) 

where {ak,Pk) are pairs of orthogonal vectors, considered modulo transformations \2.3^) . and 
niko is a quasi lower-triangular matrix such that Mk{ioo) is a quasi upper-triangular matrix, 
i.e. 



m 



1; "^fco = 0> if > ^ko = -«fc/^fc; if < (2-88) 

(m) The map of pairs of orthogonal vectors {am,,&m} ' — ^ {o^kifik}, considered modulo trans- 
formation \2.3'J\i . is a one-to-one correspondence of open sets. 



In the small norm case the local connection matrix is described in similar terms. Namely, 
it has the form 

= - ^,,.(1^ _ 1 ' (2-89) 

where rriko is quasi lower-triangular matrix and niko + rriki is a quasi upper-triangular matrix. 
The discrete analog of the local monodromy matrix is defined as their ratio 

/ifc = 1 + mfcim^o (2.90) 

Note, that a generic matrix has a unique factorization as the product of lower- and upper- 
triangular matrices. Therefore, equation ()2.90|) imphes that pk uniquely defines the cor- 
responding pair of matrices mko,mki, and, consequently, the local and global connection 
matrices. 



3 The inverse monodromy problem and isomonodromy 
transformations 

In this section we consider a map inverse to the direct monodromy map 

{Zm, Am} I ^ {Wm, Sm}, Wm = w{Zm) = C^''*^^ . (3.1) 

For any fixed diagonalizable matrix Aq the characterization of equations having the 
the same monodromy data is identical to that given by Birhhoff for the case of imaginary 
exponents. 
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Lemma 3.1 Rational functions A{z) and A'{z) of the form il.^) under the map cor- 
respond to the same connection matrix S{z) if and only if there exists a rational matrix 
function R{z) such that 

A'{z) = R{z + l)A{z)R~\z), R{oo) = l. (3.2) 

Proof. Let "^[{r) and "^'^r) canonical meromorphic solutions of equation p.lll corresponding 
to A{z) and A'{z), respectively. If ^7^^; = (^'^)"^^;, then 

R = = (3.3) 

By definition of the canonical solutions, the matrix function R is holomorphic for large \z\. 
Moreover, if Aq = Aq, K = K', then i? — 1, \z\ — oo. Hence, R has only finite number of 
poles, and therefore, is a rational function of the variable z. 

Let Ad he the subspace of the space A of matrix functions of the form ()1.2|1 having fixed 
determinant 

(z - c ) 

AeAdCA: det A{z) = D{z) = i^°=;^ _ ^"^^ , /i^ = rk A^. (3.4) 

Note, that the constraint ()1.4|) is equivalent to the condition 

tr K = < — > ^ = ^ h^z^. (3.5) 



Lemma 3.2 // the zeros (a (ii^g not congruent, i.e. Ca — C/b ^ Z, then the monodromy 
correspondence ( I,?. 1]) restricted to Ad is injective. 

Proof. Let ^ G be a matrix whose poles and zeros of the determinant are not congruent 
pairwise . Suppose that there exists a rational matrix function R that equals 1 at the infinity, 
i.e. R = 1 + 0{z~^), and such that the matrix A defined by ()3.3|1 has the same determinant, 
i.e. A' G Ad- Then the equation R{z + 1) = A'{z)R{z)A~^{z) implies that R has poles of 
constant ranks at the points (a + 1 and Zm + l, where / G is a positive integer. The matrix 
R is regular at the infinity. Therefore, it should be regular everywhere. That implies R = 1. 

Let us call rational functions D and D' equivalent if sets of their poles Zm, z'^ and zeros 
Ca, Ca are congruent to each other, i.e Zm — z'^ ^ Z, (a — Ca ^ Z, and satisfy the relation 

Lemma 3.3 For each pair of equivalent rational functions D and D' there exists a unique 
isomonodromy birational transformation 

TE' ■■ Ad ^ Ad' (3.6) 
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Proof. The construction of the isomonodromy transformations is analogous to that 
proposed in PO] for the case of polynomial coefficients A. To begin with, we introduce 
two types of elementary transformations. They are birational and defined on open sets of 
the corresponding spaces. An elementary isomonodromy transformation of the first type is 
defined by a pair z^Xa and the eigenvector of A^ = YeSzf.A, corresponding to a non-zero 
eigenvalue A, 

q^Ak = Xq" ^ 0. (3.7) 
Consider the matrix ^ 

i?=l + ^^, (3.8) 

Z- Zk 

where p is the null-vector of A{Ca) normalized so that 

(g^p)=Zfc-C, v4(O = 0. (3.9) 

Remark. If Zk 7^ Ca-, then the matrix R is defined only on an open set of Ad-, where the 
product {q^p) of the corresponding eigenvectors is non-zero. 

Equation ()3.9j) implies 

i?-i = l-^i— . (3.10) 

Furthermore, from the second equation ()3.9p it follows, that the matrix A' given by ()3.2j) is 
regular at Co- The matrix A' has a pole of rank 1 at 2;^ — 1. The rank of its residue at Zk is 
equal to the rank of the matrix AkR~^{zk). The left null-space of the last matrix contains 
the null-space of A^ and the vector g-^. Hence, the residue of A' at z^ has rank hk — 1. In the 
same way, choosing another zero of ^ and the eigenvector of A'^, = res^^^.^' corresponding 
to a non-zero eigenvalue, we get a matrix function A" with a pole at Zk of rank hk — 2. 
Further iterations give a matrix ' "' ''{A), which is regular at Zk and has a pole of rank 
hk at Zk - 1. 

As follows from Lemma 3.2, the isomonodromy transformation jg uniquely de- 

fined by the choice of a pole Zk and a subset of hk zeros (as of D. These transformations 
are analogs of isomonodromy transformations introduced in [lOj for the case of polynomial 
A{z). 

An elementary isomonodromy transformation of the second type is defined by a pair of 
zeros (a and (f3 of D. The corresponding matrix R = Ra,fi is given by the formula 

i?.,, = l + ^^, (3.11) 
z — Zp — I 

where pa and qp are vectors defined by the equations 

(z) A{Qpa = 0; {ii) q^AiCp) = 0; (m) (gjp,) = C/3 - C + 1- (3-12) 

From ()3.12l ni) it follows that -R~jj = 1 — Palp/iz — Za)- Then equations ()3.12l i. ii) imply 
that the matrix 

T-^'iA) = R-],{z + l)A{z)R-},{z) = f 1 + ^] A{z) (l + ^) (3.13) 

\ z Zp j \^ Z Zq. j 
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is regular and non-degenerate at and It has the same set of poles as A. The zeros of 
its determinant are Ca — 1, C/3 + 1 and C7, 7 7^ a, /3. 

The transformation T^' can be obtained as the composition of elementary isomonodromy 
transformations. Indeed, if D and D' are equivalent, then the poles of D can be shifted to 
the poles of D' by elementary transfomations (or their inverse) of the first type. After that 
N — 1 zeros can be shifted to iV — 1 zeros of D' by transformations of the second type. Then, 
equation ()3.5|) defines a unique position of the last zero. The lemma is proved. 

Now we are ready to present the main result of this section. 

Theorem 3.1 Let Aq = pi6^^ and K be diagonal matrices and let S{w) be a rational matrix 
function of the variable w = e^'^*^ having the form: (a) i2.3(J\) . if Aq = 1, (b) \2. 70^2. 71}) , if 
^Pi = 0; (c) \2. 7J\2. y5| j if'^lnpi ^ Qliapj 7^ 0. Then, for each S in general position and 
for each set of branches Zk,Ca of the logarithms of poles and zeros ofdetS{w), there exists 
a unique rational matrix function A{z) of the form il.^) such that S{z) is the connection 
matrix of the corresponding difference equation il.l}) and det A{(a) = 0. 

Proof. It has been already proven that if A{z) exists for one set of Zk,Ca, then in general 
position it exists and is unique for any equivalent set. Therefore, for the proof of the theorem 
it is enough to construct one equation for which S is the connection matrix. 

Let us fix a real number x such that on the line L : ^z = x the matrix S{z) is regular 
and invertible. We denote the half planes '^z < x and 'Slz > x hy Di and Z^r, respectively. 
Consider the following factorization problem 

Problem III. For a given S find invertible matrix functions Xi{z) and Xr{z), which are holo- 
morphic and bounded inside the domains Vi,Dr, respectively, continuous up to the bound- 
aries, and such that the functions "^[{r) = A';(-j.)e^^'^^"'^^'"^ satisfy the equation 

v&KO = eeL. (3.14) 



Lemma 3.4 For a generic matrix S the Problem III has a solution which is unique up to 
the normalization A:"/^^.^ = gXi{r) ■ 

Proof. Consider functions defined in each of the half-planes by the Cauchy integral 

= 1 (3.15) 
Equation ()3.14|) is equivalent to the equation 

\xmM{0 + 1) - ^/x(0(-M(0 - 1) = {M{0 - 1), (3.16) 

/ 2,7(1 

where M = YqSYq'^, Yq = e^^^^^o+Kinz _ jf ^ ^ias the form (a) or (c), then at the infinity 
exponentially tends to 1, and for a generic 5* equation (j3.16j) has a unique solution. In 
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the case (6) of the mild equations with real exponents, the coefficient Ai has no limit at the 
infinity and the fundamental results of the theory of singular integral equations can not be 
applied directly. 

The following slight modification of the Problem III allows us to prove the lemma for 
the case (6). Consider functions Xl^^^.^ given by the Cauchy integral ()3.15p over the line 
^ e L' : Arg{^ — x) = 7r/2 + e, e > 0. If xiO^^ ^ ^'^ is a solution of equation ()3.16p on L' 
with the coefficient A4' = Yog^SYf^^, then the boundary values of the functions "if' = X^Yq 
and X^Yq on L' satisfy the equation 

m) = Ki09rS{0, eeL'. (3.17) 

From ()2.7()j) it follows that Ai' along L' exponentially tends to the identity matrix. Therefore, 
a solution x of the corresponding equation ()3.16p on L' exists and is unique. It defines a 
unique solution of the factorization problem ()3.17|) . The equation ()3.17|) can be used for 
meromorphic extension of the functions which are originally defined in the half-planes 
separated by L'. If £ > is small enough, then S is regular and invertible in the sectors 
between L and L'. Hence, the extensions of the functions and are holomorphic in 
the domains Vi and D^, respectively. Therefore, the functions = and = ^rS'r are 
solutions of the factorization problem ()3.14|) . The lemma is proved. 

Let '^i{r) be a solution of the factorization problem ()3.14|) . Then the function 

A{z) = <I^i{z + l)^r' W = "^riz + (3.18) 

is holomorphic in the domains ^z < x — 1 and ^z > x. It tends to as 2 — oo. Inside 
the strip n^-.i the poles of A and A~^ coincide with the zeros and the poles of S and S~^. 
Therefore, A{z) has the form ()1.2|) . where a; — 1 < < x. The theorem is thus proven. 



4 Continuous limit 

Our next goal is to show that in the continuous limit h —>■ the canonical meromorphic 
solutions of difference equation p. 2111 converge to solutions of differential equation ()1.22|1 . 

The construction of canonical meromorphic solution \I'^ of (jl.2H) . which is holomorphic 
in the strip 11^ : a; < ^z < x + h, requires only slight changes of the formulas used above. 
As before, a sectional holomorphic solution of the factorization problem 

$+(e + /i) = (l + /^A(0)$;(0, ^ = x + ty (4.1) 
can be represented with the help of the Cauchy type integral 

= Fo0, <^ = 1 + viOhiz, rfe, h = kih-'z, h-'^), (4.2) 

where k{z,^) is given by (j2.13p and Yq = Q^M'^+''i^o)+hK in z ^ rjj^g residue of at z = ^ equals 
h, therefore the boundary values of are 

= + 1 + m), + 1) = ^ + 1 + /.(o , (4.3) 
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where is the principal value of the corresponding integral. The singular integral equation 
for which is equivalent to (|4.H) now takes the form 

(2 + hA)i^- 2AI^ = 2A , (4.4) 

where A = Yo{^ + l)~M(^)Fo(0- If I a; - 'Rzk\ > Ch, then equation (jOj) can be solved 
by iterations. As before, the corresponding solution is x-independent in the intervals 
3ftzfc + Ch < X < ^Zk+i — Ch. Hence, we conclude that: for any e > 0, and any rational 
function A{z) of the form p.2|) there exist h^ such that equation 1)1.211) for h < h^ has 
canonical meromorphic solutions which are holomorphic in the strips z &T>k '■ ^Zk + e < 
^z < ^Zk+i — e. 

The existence of implies that for each A of the form ()1.2j) the local monodromy 
matrices are well-defined for sufficiently small h. Hence, we may consider their continuous 
limits. 

Theorem 4.1 In the limit h ^ 0: 

(A) the canonical solution "^k of difference equation M.21\] uniformly in Vk converges to 
a solution '^k of differential equation M.2'J\} . which is holomorphic in T>k; 

(B) the local monodromy matrix (|i.i7| ) converges to the monodromy of along the 
closed path from z = —ioo and goes around the pole Zk; 

(C) the upper- and lower-triangular matrices {griQi) (^nd {Sq,Sod) defined in \2. 10^ and 
p. 75| ), respectively, for the cases of real and imaginary exponents, converge to the Stokes' 
matrices of differential equation M.2^) . 

The first statement of the theorem follows from a simple observation, that in the continu- 
ous limit the singular integral equation for solutions of the Riemann-Hilbert factorization 
problem becomes just differential equation ()1.22j) . It is easy to check that 

'"^^'^^>-[ 0{h), ^~z>h\nh, or ^<h\nh, ^ > ^^^^ (^.5) 
Similar equations are valid for z < hlnh. In both the cases we have 

I^{z)= [\{0d^ + O{h) (4.6) 
Jo 

From ()4.41 14. 6|) it follows that the function ^ = 1 + satisfies the relation 



^ = A{z)^p{z)+0{h). (4.7) 

On the line : ^z = x the function equals + 0(/i). Therefore, does converge to "^k 
on Lx- For the cases of regular singular equations and mild equations with real exponents 
the convergence is uniform on Vk- For the case of imaginary exponents the convergence 
becomes uniform only for the special choice of constant term g in the integral representation 
for which in (14. 2j) was set g = 1 (compare with ()2.76)l ). 

The second and the third statements of the theorem are direct corollaries of (A) and of 
the definition of the local monodromy matrices fik and the matrices {gr, gi) and (5*0, 5'oo)- 
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5 Difference equations on elliptic curves 



In this section we construct direct and inverse monodromy maps for difference equations on 
an elliptic curve. 

Let r be the elliptic curve with periods (2uji, 2uj2), ^{002/^^1) > 0. Consider the equation 

+ = (5.1) 

where A{z) is a meromorphic (r x r) matrix function with simple poles, which satisfies the 
following monodromy properties 

A{z + 2iUa) = BaA{z)B^\ B^ e SLr (5.2) 

The matrix A{z) can be seen as a meromorphic section of the vector bundle ifom(V,V), 
where V is the holomorphic vector bundle on F defined by a pair of commuting matrices B^. 
Throughout this section it is always assumed that Ba are diagonalizable. Equation ()5.H1 is 
invariant under the gauge transformation A' = GAG^^. Therefore, if Ba are diagonalizable, 
then we may assume without loss of generality, that Ba are diagonal. Furthermore, if G is 
a diagonal matrix, then equation ()5.1|) is invariant under the transformation 

^' = G"^, A' = G'+''A{z)G-\ G'^ = G'6'^ (5.3) 
The matrix A' has the following monodromy properties 

A\z + 2ua) = B'^A\z){B'X\ B'^ = G^^-Ba. (5.4) 
Therefore, if Ba are diagonalizable, then we may assume without loss of generality, that 

B^^ = B^i = e"*^^/'^!^^^'. (5.5) 

Below we assume that qi 7^ qj. Entries of the matrix A can be expressed in terms of the 
standard Jacobi theta-function: O-s^z) = 93{z\t), r = oj^I'^x- Let us define the function d 
by the formula 

B{z) = e{z\2LUi, 2^2) = e3{z/2LUi\iU2/uJi). (5.6) 
The monodromy properties of 6*3 imply 

e{z + 2uJi) = e{z), e{z + 2uj2) = -e{z)e-''''/'^K (5.7) 

The function 6 is an odd function d{z) = —9{—z). From ()5.7p it follows that the entries of 
A satisfying (|5.21 15. 5p can be uniquely represented in the form 

n 

A^^ = p,+ j2Ai^az-zj, E^^ = o, 

A- = ±At ^('-JI^+J^-'-\ (5.8) 

m=l uyZ / 
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where ( = dz{lia9), and Zm & C are the poles of A{z) in the fundamental domain 

< r(2„) < 1, < u{z^) < 1 (5.9) 

of C/A, A = {2nuji, 2muj2}- Here and below we will use the notation r{z) and u{z) for real 
coordinates z = 2ruJi + 2uuj2 oi z E C with respect to the basis 2c<Jq,, 

r{z) = „ u{z) = ^/"^-"'^^ (5.10) 

Throughout this section it is assumed that the poles Zm of A are non congruent (mod h), 
i.e. h~'^{zm - Zk) 4- ^■ 

Our goal is to construct canonical meromorphic solutions of equation ()5.1|) with the 
coefficients of the form ()5.8j) . As before, this problem is reduced to a proper Riemann- 
Hilbert factorization problem. For definiteness we assume that the step h of the difference 
equation satisfies the condition 

0<r(/i)<l. (5.11) 

Let us fix a real number x and consider the following problem in the strip 2; G 11^ : x < 
r(2;) < X + rih). 

Problem IV. Find in the strip li^ 0, continuous matrix function ^{z), which is meromorphic 
inside Tlx, one? whose boundary values on two sides of the strip satisfy the equation 

$+(e+/,) = A(o$-(o, m = x. (5.12) 

The index of the problem is given by the integral 

indx{A)=( dlndet A, ^ G : r(0 = a;, (5.13) 

J Lx 



Lemma 5.1 For a generic A{z), such that indx{A) = 0, there exists a non-degenerate 
holomorphic solution of the problem 115. 1^) having the following monodromy property 

<l>x{z + 2002) = e"^'^/^^$^(2)e-2"*^ (5.14) 

where q is the diagonal matrix defining the monodromy property i5.^5.5}) of A, and s is a 
diagonal matrix s^^ = s^6'^^ . The solution is unique up to the transformation $^ = 
where F is diagonal. 

Proof. The lemma can be proved by methods of algebraic geometry. Indeed, let us define an 
action of the lattice A^ span by h and 2uj2 on {z, f)ECx C^' as follows: 

{zJ)^{z + h,A{z)f), {z,f)^{z + 2u;2,B2f), B2 = e^'^l-\ (5.15) 

Then the factor-space C x j A^ is a vector-bundle V on the elliptic curve with periods 
ih, 2^2) • From (j5.13p it follows that the determinant bundle of V is of degree zero, Ci(V) = 
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0. According to ^H], for a generic zero degree vector bundle on an algebraic curve there 
exists a flat holomorphic connection. A basis of horizontal sections of such connection can 
be identified with a holomorphic matrix function $' satisfying the relations + h) = 
A{z)^'{z)Vi, $'(2 + 2UJ2) = B2^'{z)V2, where Vi, V2 is a pair of commuting matrices. The 
change of the basis of horizontal sections corresponds to the transformation $' ^g, Vi — >■ 
g^^ViQ. Therefore, in the general position when Vi are diagonalizable, we may assume, 
without loss of generality, that Vi are diagonal. Now we can define a holomorphic solution of 
the boundary problem ()5.12j) as follows = ^'Vi . It satisfies the monodromy relation 
()5.14|1 . where ^-'^'^'^1^ = V2V1 We call $3, the Block solution of the factorization problem 

()5.12|) . In the general position we may assume that Sj 7^ Sj. 

Suppose, that there are two Bloch solutions and <l>^. of the factorization problem 
()5.12|) . From ()5.13|) it follows that ^x is non-degenerate in 11^. Therefore, the entries of the 
matrix function F = are holomorphic matrix functions satisfying the relations 

F^^{z + h) = F{z), F^\z + 2UJ2) = ir'i(2)e2-(^'-^;)/^ (5.16) 

Equations ()5.1(j|l imply that F*-' = 0, ii Si ^ Sj. Indeed, consider the function 

F'^ = r^9h{z + Si- s'^)/eh{z), (5.17) 

where 6h is the function given by the formula ()5.7|) for the T^, i.e. 

Ohiz) = e{z\h,2uj2). (5.18) 

From ()5.16|1 it follows, that F^^ is an elliptic function on Th with one simple pole ai z = 0. 
There is no such a non-trivial function. Hence, Si = s- and F^^ = 0,i 7^ j, and the Lemma 
is thus proven. 

Now we are ready to define the direct monodromy map for difference equations ()5.H] 
with coefficients A of the form ()5.8|) . As before, a holomorphic solution $^ of the boundary 
problem ()5.12j) defines a meromorphic solution "^xiz) of ()5.1|) . From ()5.14j) it follows that it 
satisfies the Bloch relation ()1.25|) . 

The matrix A has period 2uji. That implies 

<l>x+i{z + 2uji) = <l>x{z), zeUx. (5.19) 

Therefore, the matrix "^xiz — 2uji) is the Bloch solution of (jOJ), which is holomorphic in the 
strip IIj^^+i. Let us consider the connection matrix of two Bloch solutions 

Sx{z) = ^-\z-2LU,)^xiz). (5.20) 

For obvious reason the matrix Sx is /i-periodic. Let us show that it has the following 
monodromy properties 

S{z + h) = S{z), S{z + 2uj2) = e2"*^/'^^(;^)e-2"'^/^ (5.21) 

where s is the diagonal matrix defined by the monodromy properties ()5.14j) of ^x- 

By definition the connection matrix Sx depends on the choice of x. Let us fix x = 0, and 
denote Sx=o{z) by S{z). 
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Theorem 5.1 In the general position the entries of the monodromy matrix S{z) have the 
form 

n n 
S"' = >S'o + ^ S^(h{z — Zm), ^ = 0, 

m=l m=l 

S'^ = t , ^ ^ J- (5.22) 

m=l "h\^ ^m) 

where (h = 9^ I'n.Oh, and Oh are given by \5.1(^) . 

Recall, that the poles of A{z) in the fundamental domain ()5.9p of C/A. 

Proof. In the half-plane r{z) > the function '^x=o has poles at the points z^ + nh + 
2mu2,n = 1,2,..., m G Z. By definition, the function \l/x=i is holomorphic in Ilx=i- 
Therefore, in the strip Hi the matrix 5* has the poles at the points congruent to Zm mod Ah- 
Then equations ()5.21|1 imply ()5.22j) . 

We refer to above defined correspondence 

{a, At g.}^ {5^, 54^3,} (5.23) 

as the direct monodromy map. 



5.1 Local monodromies 

All the results that were obtained above for the case of difference equations with rational 
coefficients have analogs in the elliptic case. For example, the analogues of the special regular 
singular equations are equations ()5.H1 with coefficients A{z) such that their residues Am of 
A{z) are rank 1 matrices, and the determinant of A identically equals 1, det A{z) = 1, and 
such that the parameters qi in ()5.8j] satisfy the constraint 

j2q^ = 0. (5.24) 

i=l 

The space of such matrices will be denoted by ^o(r). The dimension of ^o(r) equals 
dim.4o(r) = n{2r — 1) — n + (r — 1) = {2n + l)(r — 1). The first term in the last equation is 
the dimension of the subspace of matrix functions of the form fl5.8|) having rank 1 residues. 
The second term is the number of conditions equivalent to the constraint det A = 1. The 
last term is the number of parameters q^. Let B(T) = Ao(T) / C^'^ be the quotient of .4,0 (F) 
under the action A gAg~^, where g is the diagonal matrix. The dimension of B{r) equals 
dimi3(F) = 2n{r — 1). Explicit parameterization of an open set of the space i3(F) can be 
obtained as follows. Let us order the poles, and consider matrices A{z) of the form 

A{z)=Lniz)L„^i{z)---Li{z) (5.25) 
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where 



f 

J 1 



i e{z - qi,m+l + Qj,: 



(5.26) 



and qi^m are complex numbers satisfying ()5.24j) and such that gj,„+i = 

The residue of at has rank 1. Therefore, its determinant has at most simple pole 
at Zm- The constraint (j5.24j) for m implies that det is an elliptic function. Therefore, 
it is constant. The vector can be normalized by the condition det Lm{z) = detL(O) = 1 



n fr' = det 



i=l 



^(^m ~l~ qi,m+l (lj,mj 

[ e{zm) 9{q 

i,m+l Qj,m)i 



(5.27) 



The number of parameters (/i,m, qi,m) in (|5.25|) satisfying the constraints (j5.24j) and (j5.27j) 
equals the dimension of B(T). 

Let us assume, that the first coordinates = r{zm) of the poles of A in the basis 2u!a 
are distinct ri < r^, I < m. Below we use the notations ro = 0, r„+i = 1. 

Theorem 5.2 For a generic matrix A G Aq{T) the equation \5.1]] has a unique set of 
meromorphic solutions k = 0,. . . ,n, which are holomorphic in the strips < r{z) < 
Tk+i + r{h) and satisfy the relation 

^,(^ + 2u2) = e-^'^/-^^fc(^)e-2--'=/^ si^ = s^^J'^ , (5.28) 

and such that the local connection matrices = '^'j^^'^k-i, k = 1, . . . ,n, have the form 

Oh{z - Si^k + Sj, fc-i - Zk) 



Mk = a 



i,k 



6h{z — Zm)Oh{Si^k — Sj,k~l) 

where Si^k O'^d ai^k satisfy the relations 

Oh{zk + Si^k — Sj,k-i) 



(5.29) 



IIsi,fc = 0, Y[a J = det 



i=l 



Oh{zk)Oh{qi,k — qj,k-i). 



(5.30) 



The map {/^, qi^m} ' — > {^L Si^k} is a one-to-one correspondence of open sets of the varieties 
defined by the constraints \5.24\ \5.21\l and i5.3(J\) . respectively. 

Proof. The existence of a meromorphic solution "^'i^, which is holomorphic in the strip 
Vk < r{z) < Vk+i + r{h) and satisfies the relation (j5.28|) follows from the Lemma 5.1. The 
matrix = {%)-'^%_-^ has period h, i.e. M^(z + h) = M',^{z). From it follows that 

M'^{z + 2002) = e^''^'^I^M'^{zy-^''''^-^l^ . 

In the strip nr^+r(/i) it has simple poles at the point z^, where its residue has rank 1. There- 
fore, a'priory it can be represented in the form 



M'k = ai^kl3j,k 



dh{z — Si^k + Sj^k-l — Zk) 
dh{z - Zk)dh{Si^k - Sj^k-l) 



(5.31) 
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The solutions are unique up to the transformation = "^kFk, where is a diagonal 
matrix F^S^^ . If we set F^_^ = Pj^^, then the corresponding matrix = F^^ MlFk_i has 
the form (j5.29j) . The constraint (j5.3(J|) is equivalent to the equation det = 1. 

The proof of the last statement of the theorem is reduced to the Riemann-Hilbert problem 
on a set of lines r{z) = + £■ The solvability of the corresponding problem for a generic 
set of matrices follows from the Riemann-Roch theorem. 

Remark. Elliptic analog of the unitary equations considered in the Section 2 can be defined 
for the case of real elliptic curves. A generalization of the corresponding results obtained 
above for the rational case is straightforward. 



5.2 Isomonodromy transformations. 

The characterization of equations on F having the same monodromy data is a straight- 
forward generalization of the corresponding results in the rational case. 

From (j5.2p it follows, that the determinant of A G ^(F) is an elliptic function 

det A{z) = D{z)=c,^^f^ Y.Cc. = T.hkZk, N = Y.h. (5.32) 

As before, we denote the subspace of matrix functions having fixed determinant D{z) by 
ADiT) c ^(F). 

Lemma 5.2 (i) Two matrix functions A{z) and A'{z) of the form i5.^} under the map 
\5.2^) correspond to the same connection matrix S{z) if and only if they are related by the 
equation 

A'{z) = R{z + l)A{z)R'\z), (5.33) 
where the matrix R has the following monodromy properties 

R{z + 2cui) = R{z), R{z + 2002) = e"*^'/"^i?(z) 6""*^/"^ (5.34) 

(a) If the zeros (a ore not congruent, i.e. {(^ — Ci3)h~^ ^ Z, then the monodromy 
correspondence \5.2'J\} restricted to AoiX) is injective. 

The proof of the lemma follows directly form the definition of S{z) and the monodromy 
properties of the canonical solutions of difference equations. 

Let us call the two elliptic functions D and D' equivalent, if the sets of their poles Zi, z\ 
and zeros Ca, C congruent mod h to each other, i.e (zj — z[)h~^ G Z, {C^a — CL)^^^ ^ ^■ 

Theorem 5.3 For each pair of equivalent elliptic functions D and D' there exists a unique 
isomonodromy transformation 

TE' iV) : AoiV) ^ Ad'{T) (5.35) 
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Proof. Let A{z) G Ad be a matrix of the form ()5.8p . An elementary isomonodromy transfor- 
mation of the first type is defined by a pair z^, Ca and the left eigenvector v of = les^^A, 
corresponding to a non-zero eigenvalue A (see (13. 7j) 

Consider the matrix R{z) such that the entries of the inverse matrix have the form 

(7i-f (5,36) 

where are coordinates of the the null- vector of A{(a), 

A{Ca)p = 0. (5.37) 

The residue of at (a) has rank 1. Therefore, the determinant of has one simple pole 
at (a- If the parameters g,' satisfy the condition 

r 771 
i=l 7=1 

then det has a zero at Zm- In the general position the parameters q'j are uniquely defined 
by ()5.38|1 and the equation 

vR-\zm) = 0. (5.39) 
Equation ()5.39|) implies that the matrix R has the form: 

ir^=,^^i^Z^l±^l^^ (5.40) 

e{z - z^) 

Consider now the matrix A' given by (j5.33|) . From (j5.37|) it follows that A' is regular at Cq,. 
The matrix A' has a pole of rank 1 at Zm — 1- The rank of its residue at Zm equals the rank 
of the matrix AmR~^{zm)- The left null-space of the last matrix contains the null-space of 
Am and the vector v. Hence, the residue of A' has rank hm — 1. As in the rational case, 
further iterations give a matrix ^' "' ''"{A), which is regular at z^, and has a pole of rank 

As follows from Lemma 5.3, the isomonodromy transformation Xm''"'"'""" is uniquely 
defined by the choice of a pole z^ and a subset of h^, zeros (as of 

An elementary isomonodromy transformation of the second type is defined by a pair of 
zeros (a and C/3 of D. Let Va and Vjs be the corresponding null-vectors, i.e. 

A{Ca)va = 0; v^A{Cp)=0. (5.41) 

Then the same arguments as above, show that there exists a unique, up to a constant factor, 
matrix R = Ra,i3 of the form 

"'^ ' e{z-Cp-h) ^ ' 
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and such that 

(^.i) = < ~ ^ (5-43) 

Equations ()5.41|1 imply that the matrix T"I^(A) = R^jsiz + h)A{z)R~^p{z) is regular and 
non-degenerate at C« and (p. It has the same set of poles as A. The zeros of its determinant 

are (a — h, C/3 + ^ and C7, 7 7^ a, 

The transformation T^'(r) can be obtained as a composition of elementary isomon- 
odromy transformations. The theorem is thus proven. 



Isomonodromy deformations changing elliptic curves. The isomonodromy transfor- 
mations (r) are analogs of the isomonodromy transformations constructed in Section 3 
for difference equations with rational coefficients. In the elliptic case there exist isomon- 
odromy transformations which have no analog in the rational case for the obvious reason: 
they change the periods of the corresponding elliptic curves. 

Our next goal is to define an elementary isomonodromy transformation of the third kind 
which keeps the poles of A and zeros of its determinant fixed. 



Lemma 5.3 For a generic matrix function A{z) of the form i5. 8^) there exists a meromor- 
phic matrix function TZ{z), which is holomorphic in the strip 11* : < r(2;) < 1 + r{h) and 
satisfies the following monodromy relations 

n{z + 2uJi + h)A{z) = n{z), n{z + 2^2) = ^P-^n' l{^^^+h)^^^y-.i(ilu.r ^ ^5^44^) 

where q' is diagonal. The function TZ is unique up to the transformation TV = FTZ, where 
F G GLr is a diagonal matrix. 



The function TZ satisfying the relations ()5.44j) can be regarded as the canonical Bloch solution 
of difference equation p.29|l . Its existence can be proved along with the lines identical to 
that used in the proof of the Lemma 5.1. 

Consider now the matrix function A' = Tl{z + h) A{z)Tl~^ {z) . From ()5.44l ) it follows that 

A'{z + 2cui + h) = A'{z), A'{z + 2uji) = e2-i97(2-i+M^'(^)e-2-i97(2-i+?»)_ (5,45) 

Suppose, that the matrix A is holomorphic and invertible in the strip Ilx=o- Then A' in the 
fundamental parallelogram, corresponding to the elliptic curve with periods {2uji + h, 2u!2 
has the same poles Zm as A. In this parallelogram the zeros (a of its determinant coincide 
with the zeros of det A. 

Remark. If the conditions r{h) < r{zm), r{h) < r{(a) are not satisfied, then an extra pole 
(or zero of the determinant) of A' in n3;=i is congruent {modh) to the pole (or zero of the 
determinant) of A' in Hq. 



Theorem 5.4 // the matrix A is invertible in Uq, then the above defined transformation 
A' = TZ{z + h)A{z)TZ~^{z) is isomonodromic. 
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For the proof of the theorem it is enough to note, that under the assumption of the theorem 
the canonical Bloch solution \E'i of (jS.lj) is holomorphic and invertible in the strip Ili^r(h)- 
Therefore, the Bloch solutions of equation (jS.lj) with the coefficient A', which define the 
connection matrix S' are equal to 



v^Uo = ^^o, *U(,)=7^vi>l. (5.46) 



Hence, S'{z) = S{z). 
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